), we introduce a new iterative scheme for finding a common element of the set of solutions of a mixed equilibrium problem for an equilibrium bifunction, the set of fixed points of an infinite family of nonexpansive mappings, the set of solutions of some variational inequality problem, and the set of fixed points of a left amenable semigroup {T t : t ∈ S} of nonexpansive mappings with respect to W-mappings and a left regular sequence {μ n } of means defined on an appropriate space of bounded real-valued functions of the semigroup S. Furthermore, we prove that the iterative scheme converges strongly to a common element of the above four sets. Our results extend and improve the corresponding results of many others. MSC: 43A65; 47H05; 47H09; 47H10; 47J20; 47J25; 74G40
Introduction
Let H be a real Hilbert space, let C be a nonempty closed convex subset of H, and let P C be the metric projection of H onto C. Let ϕ : C → R be a real-valued function and θ : C × C → R be an equilibrium bifunction with θ (u, u) =  for each u ∈ C. We consider the mixed equilibrium problem (for short, MEP) is to find x * ∈ C such that MEP : θ x * , y + ϕ(y) -ϕ x * ≥ , ∀y ∈ C.
In particular, if ϕ ≡ , this problem reduces to the equilibrium problem (for short, EP), which is to find x * ∈ C such that EP : θ x * , y ≥ , ∀y ∈ C.
Denote the set of solutions of MEP by . The mixed equilibrium problems include fixed point problems, optimization problems, variational inequality problems, Nash equilibrium problems and the equilibrium problems as special cases. http://www.fixedpointtheoryandapplications.com/content/2012/1/185
A set-valued mapping T : H →  H is called monotone if for all x, y ∈ H, f ∈ Tx and g ∈ Ty
monotone mapping T : H →  H is maximal if its graph G(T)
is not properly contained in the graph of any other monotone mapping. It is known that a monotone mapping T is maximal if and only if for (x, f ) ∈ H × H, x -y, f -g ≥  for every (y, g) ∈ G(T) implies f ∈ Tx. Let A be a monotone mapping of C into H, and let N C v be the normal cone to C at v ∈ C, i.e., and obtained a strong convergence theorem in a Hilbert space. Let {T n } be a sequence of nonexpansive mappings of C into itself, and let {λ n } be a sequence of nonnegative numbers in [, ] . For each n ≥ , define a mapping W n of C into itself as follows:
U n,n+ = I, U n,n = λ n T n U n,n+ + ( -λ n )I, U n,n- = λ n- T n- U n,n + ( -λ n- )I, . . . where K (x) is the Fréchet derivative of K at x. They proved the sequences {x n } and {y n } generated by the hybrid iterative scheme (.) converge strongly to a common element of the set of solutions of MEP and the set of common fixed points of finitely many nonexpansive mappings.
Recall the mapping B is said to be relaxed (ξ , ν)-cocoercive, if there exist two constants ξ , ν >  such that Bx -By, x -y ≥ -ξ Bx -By  + ν x -y  , ∀x, y ∈ C. 
for all x ∈ C, n ≥ , for finding a common element of the set of solutions of a mixed equilibrium problem for an equilibrium bifunction, the set of fixed points of an infinite family of nonexpansive mappings, the set of solutions of some variational inequality problem and the set of fixed points of a left amenable semigroup {T t : t ∈ S} of nonexpansive mappings with respect to W -mappings and a left regular sequence {μ n } of means defined on an appropriate space of bounded real-valued functions of the semigroup S. Furthermore, we prove that the proposed iterative scheme (.) converges strongly to a common element of the above four sets. Our result extends and improves the corresponding results of many others.
Preliminaries
Let S be a semigroup. We denote by B(S) the space of all bounded real-valued functions defined on S with supremum norm. For each s ∈ S, we define the left and right translation operators l s and r s on B(S) by (l s f )(t) = f (st) and (r s f )(t) = f (ts) for each t ∈ S and f ∈ B(S), respectively. Let X be a subspace of B(S) containing . An element μ in the dual space X * of X is said to be a mean on
we can define a point evaluation δ s by δ s (f ) = f (s) for each f ∈ X. It is well known that μ is a mean on X if and only if
for each f ∈ X. http://www.fixedpointtheoryandapplications.com/content/2012/1/185
Let X be a translation invariant subspace of B(S) (i.e., l s X ⊂ X and r s X ⊂ X for each s ∈ S) containing . Then a mean μ on X is said to be left invariant (resp. right invariant) if
for each s ∈ S and f ∈ X. A mean μ on X is said to be invariant if μ is both left and right invariant [-] . X is said to be left (resp. right) amenable if X has a left (resp. right) invariant mean. X is amenable if X is left and right amenable. Moreover, B(S) is amenable when S is a commutative semigroup or a solvable group. However, the free group or semigroup of two generators is not left or right amenable. In this case, we say that the semigroup S is an amenable semigroup (see [, ] 
for each f ∈ X and s ∈ S, and it is said to be left (resp. right) strongly asymptotically invariant (or strong regular) if It is easy to see that if a semigroup S is left (resp. right) amenable, then the semigroup S = S ∪{e}, where es = s e = s for all s ∈ S, is also left (resp. right) amenable and conversely.
Let S be a semigroup, and let C be a closed and convex subset of H. Let F(T) denote the fixed point set of T. Then = {T s : s ∈ S} is called a representation of S as nonexpansive mappings on C if T s is nonexpansive with T e = I and T st = T s T t for each s, t ∈ S (cf.
[-]). We denote by F( ) the set of common fixed points of {T s : s ∈ S}, i.e.,
Lemma . ([, ]) Let S be a semigroup and C be a closed convex subset of a Hilbert space H. Let = {T s : s ∈ S} be a nonexpansive semigroup on C such that {T t u : t ∈ S} is bounded for some u ∈ C, let X be a subspace of B(S) such that  ∈ X and the mapping t → T t x, y is an element of X for each x ∈ C and y ∈ H, and μ be a mean on X. If we write T μ x instead of T t x dμ(t), then the following hold: Let C be a nonempty subset of a Hilbert space H and T : C → H be a mapping. Then T is said to be demiclosed at v ∈ H if, for any sequence {x n } in C, the following implication holds:
where → (resp. ) denotes strong (resp. weak) convergence.
Lemma . ([])
Let C be a nonempty closed convex subset of a Hilbert space H and suppose that T : C → H is nonexpansive. Then, the mapping I -T is demiclosed at zero.
Let C be a nonempty subset of a normed space E, and let x ∈ E. An element y  ∈ C is said to be the best approximation to x if
is called the distance from x to C. Let H be a real Hilbert space with inner product ·, · and norm · . Let C be a nonempty closed convex subset of H. Then, for any x ∈ H, there exists a unique nearest point in C, denoted by P C x, such that
The mapping P C is called the metric projection of H onto C. It is well known that P C is a nonexpansive mapping of H onto C and satisfies
for every x, y ∈ H. Moreover, P C x is characterized by the following properties: P C x ∈ C and for all x ∈ H, y ∈ C,
It is easy to see that the following is true:
In this paper, for solving the mixed equilibrium problems for an equilibrium bifunction θ : C × C → R, we assume that θ satisfies the following conditions:
(E) θ (x, x) =  for all x ∈ C; http://www.fixedpointtheoryandapplications.com/content/2012/1/185
(E) for each x ∈ C, the function y → θ (x, y) is convex and lower semicontinuous.
(ii) η-strongly monotone with constant α if there exists a constant α >  such that
(iii) Lipschitz continuous with constant β if there exists a constant β >  such that
If η(x, y) = x -y, for all x, y ∈ C, then the definitions (i) and (ii) reduce to the definition of monotonicity and strong monotonicity, respectively. 
for all x, y ∈ H.
Let C be a nonempty closed convex subset of a real Hilbert space H, ϕ : C → R be a real-valued function and θ : C × C → R be an equilibrium bifunction. Let r be a positive parameter. For a given point x ∈ C, consider the auxiliary problem for the mixed equilibrium problem (for short, MEP(x, r)) which consists of finding y ∈ C such that
where η :
for all x ∈ C. We first need the following important and interesting result.
Lemma . ([]) Let C be a nonempty closed convex subset of a real Hilbert space H, and let ϕ : C → R be a lower semicontinuous and convex functional. Let θ : C × C → R be an equilibrium bifunction satisfying conditions (E)-(E). Assume that
is sequentially continuous from the weak topology to the weak topology, (ii) K : C → R is η-strongly convex with constant σ >  and its derivative K is sequentially continuous from the weak topology to the strong topology, (iii) for each x ∈ C, there exist a bounded subset D x ⊆ C and z x ∈ C such that for any 
is a closed and convex subset of C.
We need the following results concerning the W -mapping W n .
Lemma . ([]) Let C be a nonempty closed convex subset of a real Hilbert space H. Let T  , T  , . . . be nonexpansive mappings of C into H such that
is nonempty, and let λ  , λ  , . . . be real numbers such that  < λ i ≤ b <  for any i ∈ N. Then, for every x ∈ C and k ∈ N, the limit lim n→∞ U n,k x exists.
Using Lemma ., one can define a mapping W of C into H as 
Lemma . ([])
Assume {a n } is a sequence of nonnegative real numbers such that
where {b n } is a sequence in (, ) and {c n } is a sequence in R such that
Main result: strong convergence theorems
In this section, we deal with the strong convergence of hybrid viscosity approximation scheme (.) for finding a common element of the set of solutions of a mixed equilibrium problem, the set of fixed points of an infinite family of nonexpansive mappings, the set of fixed points of a left amenable semigroup of nonexpansive mappings and the set of solutions of variational inequality in a Hilbert space. Assume that:
is sequentially continuous from the weak topology to the weak topology, (C) K : C → R is η-strongly convex with constant σ >  and its derivative K is not only sequentially continuous from the weak topology to the strong topology, but also Lipschitz continuous with constant ν >  such that σ ≥ λν, (C) for each x ∈ C, there exist a bounded subset D x ⊂ C and z x ∈ C such that for any
C) lim inf n→∞ r n >  and lim n→∞ |r n+ -r n | = . Given x  ∈ C is arbitrary, then the sequences {x n }, {y n } and {z n } generated iteratively by (.) converge strongly to x * ∈ F , where x * = P F (γ f + (I -A))x * , which solves the following variational inequality:
Proof Since lim n→∞ α n = , we may assume, without loss of generality, that α n ≤ ( -
Since A is a linear bounded self-adjoint operator on H, we have
Observe that
which shows that ( -β n )I -α n A is positive. By Lemma ., we have
Lemma . Let B be an L-Lipschitzian and relaxed (ξ , ν)-cocoercive mapping and δ
Proof Since B is an L-Lipschitzian and relaxed (ξ , ν)-cocoercive mapping and
for all x, y ∈ C. Thus,
for all x, y ∈ C.
Proof From (.), we note that z n = S r n x n . From Lemma ., we get
Lemma . {x n }, {y n }, {z n }, {W n y n }, {W n x n } and {f (W n x n )} are all bounded.
Proof Let p ∈ F . Since p ∈ VI(C, B), from (.), we get p = P C (I -δ n B)p. From Lemma ., Lemma . and W n , P C being nonexpansive, we have
From (.) and Lemma ., we obtain
for all n ≥ . It follows by mathematical induction that
Therefore, {x n } is bounded. We also deduce that {y n }, {z n }, {W n y n }, {W n x n } and {f (W n x n )} are all bounded. http://www.fixedpointtheoryandapplications.com/content/2012/1/185
Lemma . Let the mapping W n be generated iteratively by (.). If {ω n } is a bounded sequence in H, then
Proof () We shall use M to denote the possible different constants appearing in the following argument. From (.), since T i and U n,i are nonexpansive, we have
which implies that
for all s ∈ S and n ≥ . Since {ω n } is bounded and lim n→∞ μ n+ -μ n = , we get
Proof Define a sequence {u n } by
Observe that from the definition of u n , we get
From (.), we note that z n = S r n x n and z n+ = S r n+ x n+ , we have
for all x ∈ C. Putting x = z n+ in (.) and x = z n in (.), we have
After multiplying (.) and (.) by r n and adding them together, we obtain
Hence,
Then, by Lemma ., we have
and hence
Without loss of generality, we assume that there exists a real number k such that r n > k >  for all n ≥ , we have
where M = sup{ z n -x n : n ≥ }. Setting v n = P C (I -δ n B)z n for all n ≥ , from Lemma ., we have
From (.), we get
Also, we have
From (.), we obtain
Combining (.), (.) and (.), we obtain
Thus, it follows from (.), Lemma ., Lemma . and condition (C) that
By Lemma ., we get
Consequently, we have
Proof Let p ∈ F and put
We remark that D is a bounded closed convex set, {x n }, {y n }, {z n } ⊂ D and it is invariant under and W n for all n ∈ N. We will show that
for all t ∈ S. By [] (Corollary .), there exists a natural number N such that
for all t, s ∈ S and y ∈ D. Since {μ n } is left strong regular, there exists n  ∈ N such that μ n -l
for n ≥ n  and i = , , . . . , N . Then we have
for all n ≥ n  . By Lemma ., we have
It follows from (.)-(.) that
for all y ∈ D and n ≥ n  . Therefore,
Since ε >  is arbitrary, we obtain (.). Now, let t ∈ S and ε > . Then there exists δ > , which satisfies (.). Take
β n for all n ≥ k. We note that
we get
Since ε >  is arbitrary, we get lim n→∞ x n -T t x n = .
Lemma . lim n→∞ x n -T μ n W n y n = . http://www.fixedpointtheoryandapplications.com/content/2012/1/185
that is,
It follows from condition (C) and Lemma . that
Proof For p ∈ F , since S r is firmly nonexpansive, we have
Note that the following equality holds:
for all t ∈ [, ] and x, y ∈ H. So, from (.) and (.), we get
Therefore, from Lemma ., Lemma . and (.), we have
Then we derive
So, from (C), Lemma ., Lemma . and (.), we obtain
Proof Let p ∈ F . Setting v n = P C (I -δ n B)z n for all n ≥ , since p ∈ VI(C, B), we have p = P C (I -δ n B)p. From the L-Lipschitzian and relaxed (ξ , ν)-cocoercive mapping on B and Lemma ., we have
From (.) and (.), we get
From (.), Lemma . and (.), we have
It follows that
On the other hand, since P C is firmly nonexpansive, by Lemma ., we have
which yields that
Combining (.) and (.), we obtain
Therefore, from (.) and (.), we get Observe that y n -v n ≤ y n -x n + x n -z n + z n -v n ≤ γ n T μ n W n v n -x n + x n -z n + z n -v n ≤ γ n T μ n W n v n -T μ n W n y n + T μ n W n y n -x n + x n -z n + z n -v n ≤ γ n v n -y n + T μ n W n y n -x n + x n -z n + z n -v n , and hence ( -γ n ) y n -v n ≤ γ n T μ n W n y n -x n + x n -z n + z n -v n .
Thus, from Lemma ., Lemma ., (.) and (C), we derive lim n→∞ y n -v n = .
Lemma . P F (γ f + (I -A)) is a contraction of H into itself.
Proof From Lemma ., we have for all x, y ∈ H. From the conditionγ ,  < αγ <γ < αγ + , we obtain  -(γ -γ α) ∈ (, ). Therefore, P F (γ f + (I -A)) is a contraction. Now, we prove Theorem ..
Proof of Theorem . From Lemma . and the Banach contraction principle, P F (γ f + (I -A)) has a unique fixed point, say x * ∈ H. That is, x * = P F (γ f + (I -A))x * . Then, using where N C x is the normal cone to C at x ∈ C. By assumption of B, we have
